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Abstract: This paper presents the impact of penetration level and power factor of DG on the voltage drop in a 

distribution system. For this purpose, suitable expressions have been developed to estimate the squared voltage 

drop reduction caused by the DG. A method is also suggested to determine the optimal location and size of DG. 

This method requires only base case load flow solution. The proposed method is implemented under MATLAB 

environment and applied on a 33-bus test distribution system with two different values of DG power factor. The 

voltage drop reduction by proposed method is compared with that by the repeated load flow method. The 

comparison shows that the results by proposed method is in close agreement to that of repeated load flow 

method and both are following similar trends. 
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I. Introduction 
              Appropriate size and location of DG offers several technical, economical and environmental benefits to 

distribution networks. For optimal allocation of DG in distribution networks, different objectives such as power 

loss minimization [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 34], improvement of voltage profile [5, 14, 34] or 

voltage stability of the network [3], network investment cost minimization [15, 16, 17], reduction of 

environmental impact [18] etc. were touched by the researchers using single or multi objective problem 

formulation. Different optimization techniques like Analytical approaches [1, 8, 9, 10, 14, 13], Particle Swarm 

Optimization [2, 3], Evolutionary Programming [11], hybrid GA and Tabu search [7], heuristic methods [5, 8] 

have been applied to solve the above DG allocation issues.  

              Despite of optimal allocation of DG, its penetration level is also an important aspect in context of 

distribution system planning in presence of DG. The penetration level of DG is a ratio of the power injected by 

DG to the total power demand of a given distribution network. The impact of DG penetration level on 

distribution system has been presented by many authors. In references [19, 20, 21, 12, 22], the effect of DG 

penetration level on distribution losses has been presented. Impact of DG penetration on voltage profile was 

presented in [23, 20, 24]. The authors in [20, 22, 24, 25] presented the impact of DG penetration on investment 

cost. Quezeda et al. [12] developed an approach to compute the annual energy losses at different penetration and 

concentration level of DGs connected to the distribution network. Many regulatory committees and utilities have 

recommended DG interconnection procedures to guarantee a reasonable penetration level of DGs in distribution 

systems [26, 27, 28, 29, 30]. In practice, many DG interconnection procedures adopt different % rules for 

simplified DG interconnection. However, they unfortunately cannot provide any suitable documentation on 

technical studies or background information to determine these rules. Therefore, determination of suitable 

penetration level of DG in distribution network and its impact on system performance needs further attention of 

the researchers. Further, the available indices for checking the voltage profile improvement due to DG 

placement require a number of load flow solutions which depends on the system size (number of buses in the 

system) and incremental step-size for DG. Hence, a suitable method is required to check the voltage profile 

improvement after DG placement in the radial distribution network requiring only base case load flow solution. 

            This paper therefore, presents a heuristic approach based method to find the DG penetration level and 

power factor and their impact on the squared voltage drop in a given distribution system. By varying the DG 

size in a pre-specified range at a bus at a time, the squared voltage drop reduction is calculated by developed 

expression and then the DG size corresponding to maximum squared voltage drop reduction is selected as 

optimal DG penetration level for the bus under consideration. This method requires only base case load flow 
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solution. The proposed method is implemented under MATLAB environment and applied on a 33-bus test 

system with two different values of DG power factors. 

 

II. Forward-Backward Sweep Load Flow Method 
The distribution system operation and planning studies requires information about steady state 

operation of the system at various load levels, which can be obtained from the load flow analysis. For load flow 

analysis of transmission network, well established methods are Gauss-Seidel (GS) method and Newton-Raphson 

(NR) method. The distribution system is mainly of radial structure, fed at one point and has higher R/X ratio of 

lines as compared to the transmission lines. This makes a distribution system ill-conditioned [31]. Therefore, 

existing methods for load flow analysis of transmission network may either become inefficient in the load flow 

analysis of distribution network or not converge [31, 32]. 

Various methods available for load flow analysis of distribution systems can be divided into two 

categories. The first type of method is based on proper modification of existing methods such as NR and GS 

methods. On the other hand, the second type of method is based on backward and forward sweep process using 

Kirchhoff’s laws. Due to its low memory requirement, computational efficiency and robust convergence 

characteristic, backward and forward sweep based algorithm has gained significant popularity for load flow 

analysis of distribution systems. In this study, backward and forward sweep method [31] is used to find out the 

load flow solution of the distribution systems and is being described in following sub-sections. 

 

2.1 Branch Numbering Scheme 

The branch numbering process of a network divides the network in several layers and constructs a tree 

of the network. The first layer contains all the branches that are connected to the root or substation bus where 

the source is connected. The next (second) layer consists of all branches that are connected to the receiving end 

bus of the branches in the previous (first) layer and so on. All branches of the network should be considered in 

the tree and they should appear only once. After dividing all the branches in different layers, the branch 

numbering process starts at the first layer sequentially. The numbering of branches in any layer starts only after 

numbering all the branches in the previous layer. This process of branch numbering is continued till all branches 

of the network are considered [31]. 

 

2.2 Load Flow Equations 

Consider the π-circuit model of a branch connected between buses/nodes p and q of a radial 

distribution network as shown in Fig. 1. Buses p and q are sending end and receiving end nodes, respectively, of 

the branch under consideration.  
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Fig. 1: π-circuit model of a branch connected between buses p and q 

 

The active and reactive power flows at point C of the branch as shown in Fig. 1 can be given as [11, 31, 

33,]: 

2

2

pqC L F I

pq q q q q

G
P P P P V            (1) 

2

2
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pq q q q q

B
Q Q Q Q V            (2) 

where, 

 and C C

pq pqP Q  = Total active and reactive power, respectively, at point C of the branch under 

consideration, 

 and L L

q qP Q  = Total active and reactive loads, respectively, at receiving end bus q , 
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q qP Q  = Active and reactive power injections, respectively, at receiving end bus q , 

andF F

q qP Q  = Sum of active and reactive power flows, respectively, through all the downstream 

branches connected to receiving end bus q . 

qV  = Voltage magnitude of receiving end bus q , 

 and pq pqG B  = Charging shunt conductance and susceptance, respectively, of branch connected between 

buses p and q. 

 

The active and reactive power flows at points B and C of the branch as shown in Fig. 1 can be related 

as [11, 31, 33]: 
2B C

pq pq pq pqP P I R           (3) 

2B C

pq pq pq pqQ Q I X           (4) 

where, 

 and B B

pq pqP Q  = Total active and reactive power, respectively, at point B of the branch under consideration, 

 pqI  = Magnitude of current flowing through the series impedance of branch connected between 

buses p and q. 

 and pq pqR X  = Series resistance and reactance, respectively, of branch connected between buses p and q. 

 The phasor current, Ipq flowing through the series impedance of branch connected between buses p and 

q as shown in Fig. 1 is given as:  
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where, 

 and p qV V  = Phasor voltages of buses p and q , respectively, 

p


V  = Conjugate of phasor quantity

pV . 

Using eq. (5), the active and reactive power flows at point B as given by eqs. (3) and (4), respectively, 

can be written as:  
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Further, the active and reactive power flows at points A and B of the branch as shown in Fig. 1 can be 

related as: 

2
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where, 

 and A A

pq pqP Q  = Total active and reactive power, respectively, at point A of the branch under consideration, 

 pV  = Voltage magnitude of sending end bus p , 

Now the phasor voltages at buses p and q  can be related as [11, 31, 33]: 

   
B B

pq pq

q p pq pq pq p pq pq
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     V V I V

V
   (10) 

Representing different voltages in polar form and multiplying both the sides by 1 p  yields 
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Further, simplifying the above equation results 
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Using above equation, the voltage magnitude and angle at bus q can be written as: 
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2.3 Algorithm for Load Flow 

Various computational steps involved in solving the load flow problem of a single source radial 

distribution network are as below:  

Step 1:  Read the line data (series impedances and shunt admittances for all the branches) and bus data (power 

demand and injection at different buses) of the radial distribution network under consideration. 

Step 2:  Divide the network in several layers and constructs a tree of the network. Number different branches 

and buses as discussed in Section 2.1. 

Step 3:  Initialize the voltage magnitudes and their angles at different buses except root bus. The voltage 

magnitudes and their angles at different buses are taken as equal to corresponding values at root bus. 

Step 4:  Compute the active and reactive power flows at point A of each branch of the given network using 

eqs. (8) and (9), respectively. The power flow should be calculated in a backward direction. The 

backward direction means eqs. (8) and (9) are first applied to the branches of last layer and proceed in 

reverse direction until the first layer is reached.  

Step 5:  Compute the voltage magnitude and its angle at the receiving end bus of each branch using eqs. (13) 

and (14), respectively. The voltage should be calculated in a forward direction. The forward direction 

means eqs. (13) and (14) are first applied to the branches of first layer and proceed in forward 

direction until the last layer is reached.  

Step 6:  Compute the mismatch in voltage magnitudes at different buses by subtracting the previously known 

voltage magnitudes from those updated in Step 5.  Find the maximum mismatch in voltage magnitude.  

Step 7:  Check whether maximum mismatch in voltage magnitude is within an acceptable tolerance? If yes, go 

to Step 8, otherwise repeat Steps 4 to 6. 

Step 8:  Stop the calculation. Print voltage magnitudes and their angles at different buses and the active and 

reactive power flows at different branches. 
 

III. Proposed Methodology 
 

In this section, the mathematical formulation of the proposed method is presented, which begins with 

the following assumptions: 

1. The radial distribution network under consideration is balanced and fed by a single source. 

2. The power factor of DG is known. 

 

Sub-station 1 2 k-1 k N

IL1 ILNILkILk-1IL2

I1 I2 Ik-1 Ik IN-1

 
Fig. 2: A typical N-bus radial distribution system 

 

Consider a typical N-bus radial distribution system as shown in Fig. 2. In this figure, Ik is the phasor 

current in branch k while ILk is the phasor current of load connected at node k. The square of voltage drop in a 
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branch i can be given as: 

  
22

i i i ai ri i iVD I jI R jX   I Z

 

     (15) 

where,Ii is the phasor current in branch i with Iai andIri being its real and imaginary components, respectively 

andZi is the complex impedance of the branch i with Ri and Xi being its real and imaginary components, 

respectively. 

 

Further, the square of voltage drop in branch i asgiven by eq. (15) can be simplified as: 

        
2 2

2 2 2 2 2 2 2

i i ai i ri i ai i ri ai ri i i ai ri iVD R I X I X I R I I I R X I I Z          (16) 

where, Zi is the magnitute of Zi. 

 

Now the total squared voltage drop in the entire system can be given as: 
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           (17) 

When a DG is placed at a bus (say bus k) as shown in Fig. 3, it injects a current IDG into the network 

and thereby alters the currents in all the branches connected between sub-station (bus 1) to bus k. However, the 

currents in the remaining branches are unaffected by the DG placed at bus k. The injected current by DG placed 

at bus k can be written as: 

 1 tanDG aDG rDG aDGI j jI I   I        (18) 

where, aDGI and rDGI are the real and reactive components, respectively, of DGI  and   is the phase angle of 

DGI . 
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Fig. 3: A typical N-bus radial distribution system with DG placed at bus k 

 

Now, the modified current in branch i due to DGat bus k can be given as: 

   tan     new

i i i ai iDG raDG aDi GiD I D j I DI II II     (19) 

where, iI is the phasor current in branch i before DG placement and 
new

iI is the modified phasor current in 

branch i after DG placement.  The value of Di is given by following relation: 

1,    if  branch  is between bus 1 and bus

0,    otherwise.
i

i  k
D


 


 

 

The total squared voltage drop in a radial distribution network depends on the current and impedance 

of different branches as given in eq. (17). Since placement of DG at bus k in the network alters the currents in all 

the branches connected between sub-station (bus 1) to bus k, it also causes the change in voltage drop. Now, the 

total modified squared voltage drop, VDnew after DG placement can be given as: 

   
1

2 2
2

1

tana

N

new ai i ri i i
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DG aDGI IVD I D I D Z




    
       (20) 

Then the percentage squared voltage drop reduction, VD associated with placement of DG is given as: 

100%
newVD VD

VD
VD


           (21)  
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Substituting the values of VD and VDnew  from eqs. (17) and (20), respectively, in eq. (21); and 

simplifying the expression yields the following: 
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   (22) 

 

Equation (22) can be used to compute the squared voltage drop reduction associated with single DG 

placement of a given size and power factor. The developed expression for squared voltage drop reduction 

requires the active component and angle of injected current by DG. However, the DG capacity is generally 

expressed in terms of VA rating and power factor. Hence, the following expressions can be used to compute the 

active component and angle of injected current by DG:
 

sec
aDG

DG

V
I

S


           (23)

 
 

1cos ( )DGPF             (24) 

where, V  and θ are the magnitude and angle, respectively, of bus voltage at which DG is connected, SDG is the 

VA rating of DG and PFDG is the power factor of DG. 

 

3.1 SOLUTION ALGORITHM OF PROPOSED METHOD 

The computational procedure of proposed algorithm can be given in the following steps: 

1. Read the data regarding number of buses (N), configuration/connectivity, resistance and reactance of 

different branches, real and reactive power demand at different buses of distribution network under 

consideration. 

2. Perform the load flow to calculate the branch currents, bus voltages and active power losses as discussed in 

Section 2.2.   

3. Assume the power factor of DG and initialize bus counter, i = 2 (the source bus is numbered as 1 and not 

considered for DG placement. 

4. Initialize DG size, j = 5% of total system load. 

5. Compute the the active component and angle of injected current by DG using eqs. (23) and (24), 

respectively. Also, calculate squared voltage drop reduction using eq. (22) and store the results. 

6. Check whether j = 100% of total system load ? If yes, go to Step 7, otherwise j = j + 5% of total system load 

and go to Step 5. 

7. Check whether i = N ? If yes, go to Step 8, otherwise i = i + 1 and go to Step 4. 

8. Identify the values of i and j corresponding to maximum squared voltage drop reduction. The value of i 

gives the optimal bus for DG placement and the value of j gives the near optimal DG capacity at bus i. The 

optimal DG capacity lies in between j-1 and j+1, which can further be optimized.  

9. Initialize DG size at bus i, k = j - 1. 

10. Compute the the active component and angle of injected current by DG using eqs. (23) and (24), 

respectively. Also, calculate squared voltage drop reduction using eq. (22) and store the results. 

11. Check whether k = j + 1? If yes, go to Step 12, otherwise k = k + 1% of total system load and go to Step 10. 

12. Compare the squared voltage drop reduction at bus i and find out the overall maximum value of squared 

voltage drop reduction. Also, identify the value of k corresponding to maximum squared voltage drop 

reduction. The value of k gives the optimal DG capacity at bus i. 

 

IV. Results And Discussion 
The developed algorithm for the optimal placement and sizing of DG to reduce squared voltage drop is 

implemented under MATLAB environment and applied on 33-bus test distribution system. For the test system, 

two different values of DG power factors are considered as [9]: 

a) DG is operated at a power factor equal to the power factor of total load of the system, 

b) DG is operated at unity power factor. 

 

1.1 33-Bus Radial Distribution System 

The single line diagram of a 12.66 kV, 33-bus radial distribution system and the relevant data for this 

test system are acquired from reference [35]. This test system has a total demand of (3715 + j2300) kVA with 

the power factor of total load as 0.85 lagging. The base case losses in the system are 202.68 kW and 135.14 

kVAR.  
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Fig. 4: Maximum voltage drop reduction and corresponding size of LPF DG at different buses of 33-bus 

system 

 

First, at each bus (except root bus) of 33-bus network, the size of load power factor (LPF) DG is varied 

from 0 to 100% of total load in a step of 5% and for each possible size of LPF DG, the voltage drop reduction is 

calculated with the help of developed expression. Then, the maximum voltage drop reduction and corresponding 

DG size is recorded at each bus. A bus-wise plot of the maximum voltage drop reduction and corresponding DG 

size is shown in Fig. 4. From this figure, it is clear that both the maximum voltage drop reduction as well as 

corresponding DG size vary from bus to bus. Among different buses, DG placement at bus 30 offers maximum 

voltage drop reduction of about 59% with DG capacity of 40% of total load. The results shown in Fig. 4 can also 

be used to define maximum permissible size/penetration level of DG at different buses. For example, if anyone 

wishes to connect DG at bus 10 due to some location constraint, then DG size at 0.85 lagging power factor 

cannot exceed 30% of total system load.  

In order to validate the results obtained by the developed expression, the squared voltage drop 

reduction obtained by the developed expression is compared with that obtained by performing the repeated load 

flow by varying the DG size at a bus. For this purpose, bus number 30 of 33-bus system is selected because this 

bus is resulting maximum squared voltage drop reduction as shown in Fig. 4. Fig. 5 shows the variation 

ofsquared voltage drop reduction by proposed method as well as repeated load flow method with DG capacity, 

when a DG is placed at bus number 30 and operated at LPF, which is 0.85 lagging. The squared voltage drop 

reduction with respect to the DG size at a bus follows an inverted U shape curve. 

 

 
Fig. 5: Comparison of voltage drop reduction with LPF DG connected at bus 30 of 33-bus system 
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From Fig. 5, it can be observed that the squared voltage drop reduction computed by proposed method 

is close to that computed by running load flow and both are following similar trends. However, there is always a 

small difference, because the proposed derivation computes the squared voltage drop reduction due to the 

change in current through only those branches which are lying between sub-station (or root) bus and bus at 

which DG is connected. In actual practice, DG placement reduces the current flowing through different branches 

in the radial distribution network. This reduction in branch current reduces the voltage drops not only in those 

branches which are lying between sub-station (or root) bus and DG connected bus but also in remaining 

branches. This phenomenon is well reflected by load flow solution. Thus the squared voltage drop reduction 

calculated by proposed method is slightly less as compared to that calculated by repeated load flow method. But, 

the proposed method requires only base case load flow solution, while repeated load flow method requires as 

many load flow solutions as the number of DG sizes under consideration. 

The maximum squared voltage drop reduction is observed by proposed method as well as repeated load 

flow method, when DG size is 40% of total load. However, by proposed method, maximum squared voltage 

drop reduction is 58.92%, whereas, it is 61.38% in the case of repeated load flow method. Though the squared 

voltage drop reduction calculated by proposed method is slightly less as compared to that calculated by repeated 

load flow method, DG sizes corresponding to maximum squared voltage drop reductionidentified by proposed 

method as well as repeated load flow method are same. 

Again from Fig. 5, it is observed that the optimal capacity of LPF DG at bus 30 lies in the range of 35-

45% of total load. In order to determine the exact optimal size of LPF DG at bus 30, its size is varied from 35 to 

45% of total load in a step of 1% and obtained results are shown in Fig 6. From this figure, it observed that the 

optimal size of LPF DG is 38% of total load at bus 30. 

A similar exercise is also carried out with unity power factor (UPF) DG. The proposed method is 

applied to different buses of 33-bus network by varying the size of UPF DG from 0 to 100% of total load in a 

step of 5% and the maximum voltage drop reduction and corresponding DG size is recorded at each bus. The 

same is plotted in Fig 7. Among different buses, DG placement at bus 6 offers maximum voltage drop reduction 

of 36.37% with DG capacity of 55% of total load. By comparing the results shown in Figs. 5 and 7, it can be 

concluded that placement of LPF DG results more voltage drop reduction as compared to the placement of UPF 

DG. In addition, with power factor of DG, optimal DG capacity at a bus also varies. Hence, DG power factor 

plays an important role in deciding the voltage drop reduction and capacity of DG.  

 

 
Fig. 6: Voltage drop reduction with LPF DG connected at bus 30 of 33-bus system 

 

               In order to validate the results obtained by the developed expression, bus number 6 of 33-bus system is 

selected because this bus is resulting maximum squared voltage drop reduction with UPF DG as shown in Fig. 

7. The squared voltage drop reduction obtained by the developed expression is compared with that obtained by 

performing the repeated load flow by varying the UPF DG size at bus 6. Fig. 8 shows the variation in squared 

voltage drop reduction by proposed method as well as repeated load flow method with DG capacity. 
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Fig. 7: Maximum voltage drop reduction and corresponding size of UPF DG at different buses of 33-bus 

system 

 

By proposed method, maximum squared voltage drop reduction is 36.37%, whereas, it is 40.34% in the 

case of repeated load flow method. Though the squared voltage drop reduction calculated by proposed method is 

slightly less as compared to that calculated by repeated load flow method, DG sizes corresponding to maximum 

squared voltage drop reductionidentified by proposed method as well as repeated load flow method are same. 

The maximum squared voltage drop reduction is observed by proposed method as well as repeated load flow 

method, when DG size is 55% of total load. 

           Again from Fig. 8, it is observed that the optimal capacity of UPF DG at bus 30 lies between 50-60% of 

total load. In order to determine the exact optimal size of UPF DG at bus 30, Steps 9 to 12 of Section 3.1 is used 

and obtained results are shown in Fig. 9. From this figure, it observed that the optimal size of LPF DG is 38% of 

total load at bus 30, while optimal size of UPF DG is 53% of total load at bus 6. 

 

 
Fig. 8: Comparison of voltage drop reduction with UPF DG connected at bus 6of 33-bus system 
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Fig. 9: Voltage drop reduction with UPF DG connected at bus 6 of 33-bus system 

 

            The voltage profiles of 33-bus system by placing LPF DG with capacity 38% of total load at bus 30 and 

UPF DG with capacity 53% of total load at bus 6 are shown in Fig. 10. In this figure, the base case voltage 

profile is also plotted for the sake of comparison. There is significant improvement in the voltage profile of 

system with DG placement in both the cases. However, in case of LPF DG, it is better as compared to the case 

with UPF DG. The obtained results are in line with those shown in Figs. 6 and 9. The voltage drop reduction of 

59.02% is observed from Fig. 6 by placing LPF DG at bus 30, while the voltage drop reduction of 36.41% is 

observed from Fig. 9 by placing UPF DG at bus 6. 

 

 
Fig. 10: Voltage profile of 33-bus system with LPF and UPF DG placement 

 

Table 1: Summary of results for 33-bus test systems for voltage drop reduction 
Particulars 33-bus test system 

DG size (in % of Total Load) 38%  53% 

DG Power Factor LPF UPF 

Location (Bus) 30 6 

Voltage Drop Reduction (%) 59.02 36.41 

Minimum Voltage (in pu) and corresponding 

Bus 

0.943 pu 

at bus 18 

0.947 pu 

at bus 18 

  

Now, summarizing the analysis carried out for 33-bus test system, Table 1 shows the results for LPF 

and UPF DG placement in considered test systems. For the test system, the placement of LPF DG always results 

more voltage drop reduction. Depending on the power factor of DG, its size and optimal location may vary.  

Further, an analysis has also been carried out for the computational burden involved in determining the 

optimal location and size of DG. The proposed method takes only base case load flow solution, while on the 

other hand the repeated load flow method requires a number of load flow solutions which depends on the system 

size (number of buses in the system) and incremental step-size for DG. The number of load flow solutions 
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required is plotted in Fig. 18 as a function of system size with different values of incremental step-size for DG. 

The number of load flow solutions required varies linearly with the system size for a given value of incremental 

step-size for DG. The proposed method requires less computation burden in comparison to repeated load flow 

method. Since the trends of squared voltage drop reduction calculated by proposed method and repeated load 

flow method are same, the results obtained by proposed method can also be used to reduce the search space, if 

proposed method is used with an optimization technique.  

 

 
Fig. 18: Variation in number of load flow solutions required with system size and incremental step-size 

for DG 
 

V. Conclusion 
This paper presents a method to analyze the impact of DG of a given size and power factor on the 

squared voltage drop in a distribution system. On the basis of developed expression, an algorithm has been 

presented to determine the optimal location and size of DG in a distribution system for reduction of the squared 

voltage drop. This method requires only base case load flow solution. The proposed method has been 

implemented under MATLAB environment. The squared voltage drop reduction by proposed method has been 

compared with that by the repeated load flow method which shows that the results by proposed method is in 

close agreement to that by repeated load flow and both are following similar trends. The proposed algorithm has 

been applied to 33-bus radial distribution test system considering DG operation at two different power factors, 

one at unity power factor and another at load power factor. The obtained results show that there is significant 

improvement in the voltage profile of system with DG placement by proposed method. However, in case of load 

power factor DG, it is better as compared to the case with unity power factor DG. 
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